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Abstract 
A graph is said to be P,-free whenever it does not contain an induced path on t vertices. The k-center 
Ct of a connected graph G is the set of vertices whose distance from any other vertex is at most k. 
A subset S of F(G) d-dominates a subset Tof V(G) if for every vertex XET there is a vertex YES whose 
distance from x is at most d. Bacso and Tuza conjectured that in a PZk+,-free connected graph, 
Ci dominates Ci + 1 for every i> k. We give counterexamples to this conjecture, but prove that it is 
almost true in the sense that every vertex in the (i + l)-center of a P,-free graph (i >L t/2 1) is 
connected to a vertex in the i-center by a path of length at most 2, i.e. Ci 2-dominates Ci+l. 
Moreover, the conjecture is true for P,-free Meyniel graphs (graphs for which every odd cycle of 
length at least 5 contains at least two chords). 
1. Introduction 
A connected graph G = (V, E) is said to be P,-free whenever it does not contain an 
induced path on t vertices. Given a graph G, the distance d(x, y) between two vertices 
x and y is the length (i.e. the number of edges) of a shortest path joining x and y, while 




In view of characterizing the class of P,-free graphs in terms of generalized domi- 
nation, Bacso and Tuza [l] introduced the notion of m-center. The m-center 
C,,,(G) of G is the set of vertices whose distance from any vertex of G is at 
most m. 
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We clearly have (for short, we shall write C,, D 
and r(G)) 





0=C+_icc*c . ..cCD-icCD= V(G). 
Furthermore, if G is P,-free, then D < t - 2 and Erdijs et al. proved that r is at most 
r (t- 1)/2 1 [6]. A subset S of I’(G) d-dominates a subset T of V(G) if for every vertex 
XET there is a vertex yes whose distance from x is at most d (see [7] for an 
introduction to this notion). It is worth noticing here that while the class of P,-free 
graphs for t < 4 is well known (see [S] for P4-free graphs or cographs), very little is 
known about P,-free graphs (see [2]). It is thus rather natural to study P,-free graphs 
for t&5. 
In Cl], the following conjecture was proposed. 
Conjecture 1.1. If G is a Pzk+i- free connected graph, then Ci dominates Ci+ 1 for 
kbi<2k-2. 
Unfortunately, this conjecture does not hold in general. Indeed, in Fig. 1, we give 
aP zk+l-free graph with r=n+ 1, D=2n+ 1 and k=r (1/2)L5(n+ 1)/2J], for which, for 
each i between r and D - 1, the vertex Zi_r+ 1 of CL+ 1 has no neighbor in Ci. However, 
each vertex of Ci+ 1 is at a distance at most 2 from Ci. 
Z. Tuza told us that Y. Egawa was the first who gave him a counterexample. 
In Section 2, we show that, under the condition of the conjecture, every vertex of 
Ci+ 1 is 2-dominated by Ci, answering thus a problem proposed in [l]. In Section 3, 
we prove that Conjecture 1.1 holds for P,-free Meyniel graphs (a graph is Meyniel 
whenever every odd cycle of length at least 5 has at least two chords [S]). It would be 
interesting to enlarge this class or to find other classes for which Conjecture 1.1 holds. 
Recall here that Meyniel graphs generalize parity graphs [4], i.e. graphs for which 
Y:, 
.---I (:, ._____- 0 x:, 
Fig. 1. 
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any two induced paths between two vertices have the same parity, which are them- 
selves a generalization of bipartite graphs. Meyniel graphs are very well known in the 
context of perfect graphs. 
Notation. We shall use here standard graph theoretical terminology compatible with 
Bondy and Murty [3]. We need, however, some specific definitions. For a vertex u of 
a graph G, we shall denote by Ni(v) the set of vertices whose distance from u is at most 
i (1~ i < D). A vertex y is an i-neighbor of u if and only if d(y, u) = i (for i = 1, y is 
a neighbor of u as usual). If x and y are two vertices of V(G), PXy is an induced path of 
G between x and y whose length is exactly d(x, y). 
2. Results for general &free graphs 
We shall need the so called ‘neighborhood lemma’ [l]. 
Lemma 2.1 (Neighborhood Lemma). For t 24, Iet u and u be two nonadjacent vertices, 
of distance d = d(u, v), in a connected Pt-free graph. Zf s is the vertex at distance 2 from 
u on a P,,, then Nt_d(~)~Nr_d(s). 
Remark 2.2. Note here that under the hypothesis of Lemma 2.1 we have N,(u) c N,(s) 
for every q > t - d. (We shall use this remark in the following theorem.) 
Theorem 2.3. Let G be a connected P,-free graph. Then for every i >L t/2 1, every vertex 
of Cl + 1 is 2-dominated by Ci. 
Proof. It is clearly sufficient to consider that i < t - 3, otherwise, Ci+ I - Ci is empty. 
Let x be a vertex of Ci+ I - Ci and Vj (1 < j < i + 1) the set of its j-neighbors. Since 
i>Lt/2Ja(t - 1)/2, we have 2i+ 12 t. Let us consider the set 
B= {bE V, 13~~ vi+ 1 such that d(b, w) = i- l}. 
We clearly have B c P’, E Ci + 3. 
Let s be a vertex of B chosen in such a way that it has a maximum number of 
(i - 1)-neighbors in 6 + 1. Let w be any (i- 1)-neighbor of s in K+ 1. A path P,,,, through 
s intersects V1 in y. Since t - (i + 1) d i, we can apply the neighborhood lemma and thus 
N,(x) is contained in Ni(s). Hence, u j< i 5 c N,(s) and s is certainly contained in CL+ 1, 
while its (i + 1)-neighbors are in Vi + 1. 
If S~Ci, then let w’ be a (i + 1)-neighbor of s. A path P,,,,, intersects V1 in y’ and V, in 
s’. When possible, we take y’ = y and so ys’ and sy’ are not edges of G if y # y’. Let 
zj = PX,n Vj and zi = PX,,n Vj (in particular, zl= y, ~2 = S, Z; = y’ and Z; = s’). Except 
perhaps for y and y’ which may be identical, the two paths PX, and P,,, are internally 
disjoint and there is no edge Z~Z; or zlz;+ 1 with 2 < 14 i + 1, for, otherwise, d(s, w’) < i. 
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Let us define the path Q as the concatenation of Pxw and P,,, when y # y' and yy’$ E, of 
P,,, Py’,’ and the edge yy’ when y # y’ and yy’~ E and of P,,,,, and Pywf when y = y’. In 
any case the path Q contains at least 2i+ 1 vertices and is not induced since G 
is P,-free. Therefore, there exists an edge z [+iz; for an integer 1 with 2<l<i 
and d(s’, w) = i - 1 for each (i - 1)-neighbor w of s in I$ + 1. Hence, if s+! Ci, s’ is a 
vertex of B which contradicts the choice of s and thus s is a vertex of CL which 
a-dominates x. Cl 
Let us note that the condition iaLt/2] of Theorem 2.3 is necessary. Consider 
a P,-free graph with radius r and suppose i is an integer such that r<i<Lt/2J. Then 
Ci is nonempty, but does not necessarily 2-dominate Ci + 1. Furthermore, Ci+ 1 need 
not induce a connected subgraph if Ci does. Fig. 2, where we indicate the eccentricity 
of each vertex, gives an example of a Prs-free graph with r = 5 in which C6 does not 
2-dominate C,. Moreover, C5 and C, are connected but not C,. 
Denote by Z(t) the set of natural numbers i>Lt/2] such that in every P,-free 
connected graph G, Ci induces a connected subgraph. This concept was introduced by 
Bacso and Tuza [l] who remarked that if Conjecture 1.1 were true, then 1(t) would be 
an interval. Actually this condition is not necessary, and Theorem 2.3, which shows 
that for i>Lt/2j, Ci+l is connected if Ci is connected (since a path of length 2 between 
a vertex of Ci + 1 and a vertex of Ci is necessarily contained in Ci + 1 ), gives the following 
same result. 
Corollary 2.4. I(t) is an interval. 
Another interesting problem pointed out in [l] is the determination of the 
minimum element i(t) of I(t). In [l] it was proved that (2/3) t -3 <i(t)< t- 3. The 
following corollary improves the upper bound as soon as t > 10. 
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Corollary 2.5. In a connected P,-j?ee graph G, let us denote k =Lt/2J. Then CL(3,2,kl is 
connected and thus i(t) < L(3/2) k J. 
Proof. Let x and y be two vertices of C L (3,2)k1. By Theorem 2.3, there exists a vertex 
u (resp. u) of Ck and a path P, between u and x (resp. a path P,, between y and u) which 
is entirely contained in C,_ (3,2)k1. By the definition of Ck there is a path R of length at 
most k between u and u. Every vertex of R is at distance at most Lk/2 J from u or u and 
thus at distance at most L(3/2)k] f rom every vertex of G. Therefore, R is contained in 
CI (3,2)kl and P,uRuP, is a walk of CL (3,2)kl connecting x to y. 0 
3. Results on &free Meyniel graphs 
We show here that P,-free Meyniel graphs verify Conjecture 1.1. 
Lemma 3.1. Let G be a connected P,-free Meyniel graph and i > L t/2 J. Let x be a vertex 
of V- Ci_ 1, w and w’ two vertices of Vi (vertices at distance i from x). Let us consider 
a path Px, and a path P,,,. Assume that y and y’ are the neighbors of x on these paths. 
Then one of the following two assertions is true 
(i) d(y,w’)=i-1 or d(y’,w)=i-1, 
(ii) t is odd, i=(t- 1)/2, yfy’, yy’eE(G) and the path obtained by concatenation of 
Pwy, Pw,y, and the edge yy’ is induced in G. 
Proof. Suppose that (i) is not satisfied. This implies that the two paths P,,,, and 
P,,, are internally disjoint. Moreover, for 1 <h <i - 1, there are no edges zz’ where z is 
a vertex of P,, and z’ a vertex of P,,, with ZE Vh and Z’E V, + 1 or ZE V,, + 1 and Z’E V,. On 
the other hand, the path R obtained by concatenation of P,, and Px,,,, has length 2i. 
Since 2i > t - 1 and G is P,-free, R is not induced in G. We can thus find a chord zz’ with 
z and Z’E V, (1 <h < i). If such a chord exists for h > 1, the chord zz’ corresponding to 
the minimum value h> 1 induces together with P,, and P,,, an odd cycle of length 
greater than 3, which admits at most the chord yy’, a contradiction since G is 
Meyniel’s. Therefore, the only chord of R is yy’ and the length of PYwuyy’uPY~,~ is 
2i-1. Thus, 2i-l<t-2 and since i>Lt/2J, t is odd and i=(t-1)/2. So (ii) is 
satisfied. 0 
Theorem 3.2. Let G be a connected P,-free Meyniel graph. Then Ci dominates Ci+l 
for i>Lt/2]. 
Proof. For i > D we have Ci+ I = Ci and we are done. Assume L t/2 J < i <D - 1 and let 
x be a vertex of Ci + i - Ci. For 1~ j d i + 1, let c be the set ofj-neighbors of x. Let y be 
a vertex of VI having a maximum number of (i- 1)-neighbors in vi (denote by A this 
set of (i- 1)-neighbors). If y is not in Ci, then A# Vi and there exists in V(G) a vertex 
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whose distance to y is i+ 1. This vertex is necessarily contained in I+J~+, . Let us 
choose a vertex w’ in Vi-A lying at distance i + 1 from y (if any), otherwise we choose 
W’E Vi having a neighbor z’ in Vi+ 1 such that d(z’, y) = i + 1. A path P,,,,, intersects Vi in 
y’. By the choice of y, there is at least one vertex w of A whose distance from y’ is 
greater than i- 1. We can apply Lemma 3.1 above to w and w’. For these two vertices 
assertion (i) does not hold. Therefore, yy’ is an edge of G and Q = P,,,uyy’uP,~ wp is an 
induced path on t- 1 vertices. Hence d(y, w’) = i, and Vi does not contain any 
(i + 1)-neighbor of y. We have thus d(z’, y)= i+ 1, z’ is not adjacent to w and the 
induced path Quw’z’ has t vertices, a contradiction. Therefore y is in Ci. 0 
4. Open problems 
We have shown that, in a P,-free graph, Ci 2-dominates Ci+ 1 (i >Lt/2J). A general- 
ization of this result would be that Ci (p + 1)-dominates Ci+p (p > 1). We have no 
counterexample to that property and it can be considered as an open question. 
As pointed out in this paper it would be interesting to enlarge the class of graphs for 
which Ci dominates Ci+ 1 for k d i < 2k - 1. In view of Section 3, we might ask whether 
all triangle-free graphs are in this class, but this is not true (replace Zi with 1 < i < II in 
Fig. 1 by a path Piqiri with Pi joined to yi and ri to Xi). 
Finally, let us recall here that the determination of i(t) (the first integer i>Lt/2J such 
that Ci is connected in every P,-free graph) is difficult. We think that i(t) may be 
equivalent to (2/3)t when t tends to infinity. 
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